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Abstract
A recent calculation shows that the observed energy density in the Unruh state at the future
event horizon as seen by a freely falling observer is finite if the observer is released from rest
at any positive distance outside the horizon; however, it is getting larger and larger so that
it is negatively divergent at the horizon in the limit that the observer starts falling from
rest at the horizon, which corresponds to the infinite boost with respect to the freely falling
observer at a finite distance from the horizon. In order to resolve some conflicts between the
recent calculation and the conventional ones in the well-known literatures, the calculation
of the free-fall energy density is revisited and some differences are pointed out.
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1 introduction
One of the most outstanding works over the last four decades in the quantum theory of
gravity is the derivation of Hawking radiation from black holes [1] since it has provided
many profound questions and intriguing puzzles about the quantum theory of gravity such
as information loss problem [2], black hole complementarity [3, 4, 5], and the recent firewall
paradox [6, 7] which states that a freely falling observer when crossing the horizon encoun-
ters firewalls which are high frequency outgoing quanta near the horizon and the infalling
observer burns up [6, 7]. Subsequently, various aspects related to the firewall issue have been
extensively studied in Refs.[8, 9, 10, 11, 12, 13, 14, 15, 16]. The presence of the firewalls
has something to do with the failure of the equivalence principle or breakdown of semi-
classical physics at macroscopic distance from the horizon, which eventually makes black
hole complementarity incomplete. A similar prediction referred to as an energetic curtain
has also been done based on different assumptions [17]. On the other hand, it has been
claimed that firewalls are not essential since the unitary evolution of black hole entangles a
late mode located outside the event horizon with a combination of early radiation and black
hole states at the same time [18], and also argued that the remaining set of nonsingular
realistic states do not have firewalls but yet preserve information [19]. Of course, it should
be emphasized that a static outside observer would not witness formation of the horizon
and always sees unitary evolution [20] without any firewall-like object. Since all these issues
are related to the freely falling observer, the revisit of the free-fall energy density becomes
so important. Note that the classic work [21] tells us that the energy density in the Unruh
state [22] and the Israel-Hartle-Hawking state [23, 24] are finite on the future horizon, al-
though it is divergent in the Boulware state [25] on the future horizon. Especially, for the
black hole in the Unruh state, the energy-momentum tensors were calculated at the bifur-
cation two-sphere in virtue of the vanishing affine connections since the energy-momentum
tensors could be regarded as quantities in the locally flat spacetimes [21]. This calculation
was in turn extended to the future horizon by taking into account of a symmetry argument
for the infinite time, and the finite energy density was eventually obtained on the future
horizon when the observer is dropped at the future event horizon without any journey. The
geodesic solution was not used in this work so that the conclusion seems to be dubious if the
employed coordinates are not the local free-fall coordinates. On the other hand, quantum
gravitational collapse was investigated from the point of view of an infalling observer in or-
der to investigate the quantum-mechanical modification of the collapse and the singularity
[26]. And it was also pointed out that the observers dropped from a finite distance outside
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the horizon will detect a finite amount of radiation when crossing the horizon by using the
effective temperature method [27, 28]. Recently, the free-fall energy density in the soluble
two-dimensional Schwarzschild black hole [29] was directly calculated at arbitrary free-fall
positions in order to study the dependence of initial free-fall positions of the free-fall energy
density on the horizon and clarify whether the freely falling observer could encounter some-
thing non-trivial effect at the horizon or not. In particular, solving the geodesic equation of
motion exactly over the whole region outside the horizon in the Unruh state [22], it could be
shown that there exists the negative energy density up to the extent to the exterior to the
horizon of the black hole, roughly r ∼ 3M [29], where the similar argument in connection
with the firewall argument appears in Ref. [30] and the behavior of the energy density was
also explicitly shown in Ref. [31]. Note that the negative energy density is getting larger
and larger when the initial infalling position from being at rest approaches the horizon [29].
So, the energy density in the freely falling frame is finite unless the observer is not dropped
at the horizon. However, if the observer were dropped at the horizon, the energy-density
would be divergent. So, one might wonder why the behavior of the energy density in the
freely falling frame at the horizon in Refs. [29] is different from the result in Ref. [21].
In this work, we would like to elaborate what the differences between the finite energy
density calculated on the future horizon [21] and the recent calculations for the divergent
energy density on the future horizon [29]. Usually, the Kruskal coordinates might be used
in calculating the free-fall energy density on the horizons; however, in Sec. 2, we shall
prove that affine connections derived in the Kruskal coordinates do not always vanish at
r = 2M , specifically along the ingoing direction on the future horizon. It means that it is
impossible to regard the energy density calculated in the Kruskal coordinates as the one
observed in the freely falling frame, since the Kruskal coordinates do not play a role of the
local inertial coordinates any more, so that the Kruskal time is no longer proper time on
the future horizon. Thus we should consider the general coordinate transformation of the
energy-momentum tensors from the fixed coordinates such as the Kruskal coordinates to the
local inertial coordinates, which gives the appropriate definition for infalling energy density
observed in the local inertial frame [32] in Sec. 3. After all, we will show that the observed
energy density in the Unruh state at the future event horizon as seen from a freely infalling
observer is finite if the observer is released from rest at any positive distance outside the
horizon, where the result is compatible with the one in Refs. [27, 28]; however, it is only
divergent at the horizon in the limit that the freely falling observer starts falling from rest
at the horizon [29]. In Sec. 4, the origin of the divergence will also be mentioned from
the viewpoint of the infinite blue shift which is related to the infinite boost with respect
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to relatively infalling observer at a finite distance from the horizon. Finally, the conclusion
and comment will be presented in Sec. 5.
2 Kruskal coordinates
To explain the reason why the different behavior of the energy density appears between the
recent calculation [29] and the classic work [21] with the well-known text book [34], we would
like to present a heuristic calculation in terms of the Callan-Giddings-Harvey-Strominger
model [33], where the length element is given as ds2 = −e2ρdx+dx− together with the metric
component of e−2ρ = M/λ− λ2x+x− in the Kruskal coordinates. The Kruskal coordinates
are related to the tortoise coordinates through the coordinate transformations of 2λt =
ln(−x+/x−) and 2λr∗ = ln(−λ2x+x−), where r∗ = r+(1/2λ) ln[1− (M/λ)e−2λr]. The affine
connections in the Kruskal coordinates are straightforwardly calculated as Γ+++(x
+, x−) =
2∂+ρ(x
+, x−) ∼ x−, Γ−−−(x
+, x−) = 2∂−ρ(x
+, x−) ∼ x+. Note that the affine connection of
Γ−−−(x
+, 0) on the future horizon of x− = 0 does not vanish, while Γ+++(x
+, 0) = 0. So, the
geodesic equation of motion tells us that x− cannot be a local flat coordinate on the future
horizon. However, the affine connections vanish at x± = 0 corresponding to the bifurcation
point.
The awkward situation is not restricted to the above case, and it also happens in the
other models such as the two-dimensional Schwarzschild black hole which is actually of our
concern since the model is simple but it shares most properties in realistic four-dimensional
black holes. The length element is given as ds2 = −f(r)dt2 + f−1(r)dr2 with the metric
function of f(r) = 1−2M/r in the Schwarzschild coordinates. The conformal factor for the
length element of ds2 = −e2ρdx+dx− in the Kruskal coordinates is obtained as
e2ρ(x
+,x−) =
2M
r
e1−
r
2M , (1)
from the conformal transformation of x± = ±4Me±σ
±/4M , where σ± = t± r∗ and r∗ = r −
2M+2M ln(r/2M−1). The corresponding coordinate transformations are implemented by
t = 2M ln(−x+/x−) and r∗ = 2M ln(−x+x−/(16M2)). At first glance, the affine connections
calculated from Eq. (1) might be expected to vanish at r = 2M since it is given as
Γ±±±(t, r) = ∓
(
1
2r
+
M
r2
)√
r
2M
− 1 e
∓t−r+2M
4M (2)
in the Kruskal coordinates. But this is not the case except the finite t since the vanishing
square root and the divergent exponential function in Γ−−− compete on the future horizon.
So, it might be tempted that the affine connections at t → ∞ would vanish on the future
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horizon away from the bifurcation two-sphere. However, this is not the case as seen from
Eqs. (5) and (6), and hence the two limits such as r = 2M and t→∞ should be taken at
one stroke in order to justify the flatness via affine connections on the future horizon. For
this purpose, if we take advantage of the light cone expressions in the Kruskal coordinates,
then the affine connections (2) are neatly calculated as
Γ+++(x
+, x−) =
1
x+
(
1
(1 +W (Z))2
− 1
)
, (3)
Γ−−−(x
+, x−) =
1
x−
(
1
(1 +W (Z))2
− 1
)
, (4)
in virtue of the LambertW function defined as Z = W (Z)eW (Z) where Z = −x+x−/(16M2).
As a result, the affine connections on the future horizon of x− = 0 are written as
lim
x−→0
Γ+++(x
+, x−) = 0, (5)
lim
x−→0
Γ−−−(x
+, x−) =
x+
8M2
6= 0, (6)
where we used the relation of W (Z) = Z − Z2 −O(Z3) near the future horizon. Note that
Γ−−− does not vanish on the future horizon, and it turns out that the coordinate x
− cannot
be a freely falling coordinate.
As expected, these two-dimensional results can also be applied to the four-dimensional
Schwarzschild metric whose length element is given as ds2 = −e2ρdx+dx− + r2(dθ2 +
sin2 θdφ2), where ρ and r are functions of x±. The corresponding nonvanishing affine connec-
tions on the future horizon are illustrated such as Γ−−− = x
+/(8M2), Γ+θθ = −x
+/2, Γ+φφ =
(−1/2)x+ sin2 θ, Γθ−θ = −x
+/(16M2), Γθφφ = − cos θ sin θ, Γ
φ
−φ = −x
+/(16M2), and Γφθφ =
cot θ. We can choose θ = π/2 since we are concerned with the freely falling motion which
is confined on the plane, but there still exist nonvanishing affine connections on the future
horizon. In the light of these calculations, the Kruskal coordinates could not be local flat
coordinates on the future horizon except the bifurcation point joining the past horizon and
the future horizon corresponding to x± = 0. Note that in Ref. [21], the energy-momentum
tensors were calculated on the bifurcation two-sphere for which Γ±±±(t, 2M) = 0 for any finite
time, and in turn extended the analysis to the future horizon by taking infinite time with
a symmetry argument without any coordinate transformation to the local inertial frames.
Thus, if the energy-momentum tensors were calculated in the Kruskal coordinates on the
future horizon, they could not be identified with the energy momentum tensors in the freely
falling frame at that point. So the finiteness of the energy momentum tensors at the future
event horizon should be reexamined.
4
3 energy density in freely falling frame
At the asymptotic infinity, the energy-momentum tensors are easily defined in virtue of
the tortoise coordinates since they are more amenable to impose some boundary conditions
compared to the other coordinate systems. Let us now consider the energy-momentum
tensors in the tortoise coordinates, and assume that the tensor transformations can be well-
defined from the tortoise coordinates to the Kruskal coordinates as a true tensors without
any anomalies,
T±±(x
+, x−) =
(
∂σ±
∂x±
)2
T±±(σ
+, σ−), (7)
T+−(x
+, x−) =
(
∂σ+
∂x+
)(
∂σ−
∂x−
)
T+−(σ
+, σ−). (8)
If the energy-momentum tensors were calculated in the Kruskal coordinates, they could not
be identified with those observed by the freely falling observer except the bifurcation point
as discussed in the previous section. Thus the coordinates x± should be replaced by the local
inertial coordinates in such a way that the energy density in the local inertial coordinate
should be written as
ǫ = Tττ =
dσµ
dτ
dσν
dτ
Tµν , (9)
where τ is a proper time [32]. In other words, the energy-momentum tensors (7) and (8)
calculated in the Kruskal coordinates should be transformed to the local inertial coordinates.
Note that such a form of the energy density (9) was already introduced in order to exhibit
the finite infalling energy density on the future horizon in Ref. [34]. The authors considered
an observer moving along a line of constant Kruskal position of x1 = a where a is a constant
along with the two-velocity of (u0, u1) = (dx0/dτ, dx1/dτ) = e−ρ(1, 0). The constant
spacial radius was expressed in the light cone coordinates as x+ = x− + 2a in the Kruskal
coordinates. However, the constant line does not obey the geodesic equation of motion
but it can be a geodesic solution only at the bifurcation point for which a = 0. Thus the
calculation does not warrant the finiteness of the energy density in the freely falling frame
at the future horizon even in spite of the correct definition of the infalling energy density
(9) 1.
Now, it becomes clear why we have to use the above definition of the infalling energy
density along with the correct geodesic solution in order to study the energy density in the
1We have repeatedly been asked why our result in this work is incompatible with the result of Ref. [34]
in the well-known text book. Our answer is: “The proposed geodesic curve in section 8.2 does not actually
satisfy the geodesic equation of motion, so that the energy density by the freely falling observer discussed
in Ref. [34] is not the free-fall energy density”.
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freely falling frame. Using Eq. (9), we are going to calculate the infalling energy density in
the two-dimensional Schwarzschild black hole in the Unruh state by means of the light-cone
coordinates in order to avoid any ambiguities in connection with the future horizon. Let us
now start with the conformal gauge fixed energy-momentum tensors [35],
T±± = −κ[(∂±ρ)
2 − ∂2±ρ+ t±], (10)
T+− = −κ∂+∂−ρ, (11)
where they can be derived from the covariant conservation law and the two-dimensional trace
anomaly for the number of N massless scalar fields and t± are the integration functions and
κ = N/12. The conformal factor of the two-dimensional Schwarzschild black hole from Eq.
(1) is written as
e2ρ(σ
+,σ−) = 1−
2M
r(σ+, σ−)
, (12)
in terms of the tortoise coordinates, where the radial coordinate is also expressed as r(σ+, σ−) =
2M(1 +W (Y )) and by definition Y = exp[(σ+ − σ−)/4M ]. From Eqs. (10), (11) and (12),
it is easy to obtain the energy momentum tensors,
T++ = −
κ
64M2
1 + 4W (Y )
(1 +W (Y ))4
, (13)
T−− = −
κ
64M2
(
1 + 4W (Y )
(1 +W (Y ))4
− 1
)
, (14)
T+− =
κ
16M2
W (Y )
(1 +W (Y ))4
, (15)
which satisfy the Unruh state because we chose t+ = 0 and t− = −1/(64M
2) [22]. So, the
ingoing flux is negative finite on the past horizon from Eq. (13) and hence it is singular in
the Kruskal coordinates, while there is no outgoing flux on the future horizon from Eq. (14)
so that it is finite in the Kruskal coordinate on the future horizon.
Next, the components of the two-velocity are obtained by exactly solving the geodesic
equation of motion for a massive particle as
u±(σ+, σ−; σ+s , σ
−
s ) =
(√
1−
1
1 +W (Ys)
±
√
1
1 +W (Y )
−
1
1 +W (Ys)
)−1
, (16)
where the initial infalling position at rest is denoted by σ±s , and Ys = exp[(σ
+
s − σ
−
s )/4M ].
From Eqs. (13),(14), (15), and (16), the energy density (9) measured on the future horizon
is given as
ǫ(σ+, σ− →∞; σ+s , σ
−
s ) = −
κ
256M2W (Ys)
−
33κ
256M2
+O(W (Ys)), (17)
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where the initial infalling position is assumed to be near the future horizon. It is interesting
to note that it is independent of σ+, and just depends on the initial infalling position σ±s .
From Eq. (17), it turns out that there is no divergence unless we require that the observer
be at rest at the horizon. On the other hand, if the observer is dropped extremely on the
future horizon for which Ys andW (Ys) vanish, then the energy density is negative divergent.
4 blue shift
So far we have calculated the energy density in the freely falling frame in the Unruh state near
the future horizon. Let us now discuss, in particular, the origin of the divergence when the
observer is dropped at the horizon as an extreme limit. Considering a freely falling observer
at the initial infalling position of rs without any journey for simplicity, the energy density
(9) is written as ǫ(rs; rs) = Tttu
tut + Trru
rur + 2Ttru
tur in the Schwarzschild coordinates.
When the infalling happens at rest i.e., ur|rs = 0, then the infalling energy density at that
moment is reduced to ǫ(rs; rs) = (1/f(rs))Ttt in virtue of u
t|rs = dt/dτ |rs = 1/
√
f(rs).
Note that the red-shift factor is also responsible for the gravitational time dilation which is
larger and larger as the initial infalling position approaches the horizon. Next, the value of
Ttt in the Schwarzschild coordinates can be directly obtained by the use of the coordinate
transformation from the tortoise coordinates to the Schwarzschild coordinates, then the
energy density (9) becomes
ǫ(rs; rs) =
1
f(rs)
[T++ + T−− + 2T+−]
∣∣∣∣
rs
, (18)
where the last term is independent of the vacuum state of black hole and it can be written
as T+− ∼ −(κ/(16M
2))f(rs) near the horizon.
When the initial infalling position extremely approaches the horizon rs → rH , Eq. (10)
can also be expanded asymptotically for each of vacuum states. First, the leading order of
contributions to the energy-momentum tensors in the Boulware state described by choosing
t± = 0 [25] becomes finite since T
B
±± ∼ −κ/(64M
2), so that the energy density (18) is
divergent at the horizon. For the Israel-Hartle-Hawking state implemented by choosing
t+ = t− = −1/(64M
2) [23, 24], the leading order of energy-momentum tensors is written as
TH±± ∼ −(κ/(16M
2))f(rs) which vanish asymptotically at the horizon; however, the energy
density is finite due to the redshift factor in the denominator in Eq. (18). Hence, these two
states result in drastically different conclusions. By the way, in the Unruh state characterized
by t+ = 0 and t− = −1/(64M
2), the leading order of the energy-momentum tensors near the
horizon is calculated asymmetrically as TU++ ∼ −κ/(64M
2) and TU−− ∼ −(κ/(16M
2))f(rs),
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where the ingoing flux is negative finite while the outgoing one vanishes at the horizon.
However, the energy density observed in the freely falling frame at the horizon is divergent
because the negative finite ingoing flux TU++ is infinitely blue shifted just like the case of
the Boulware state. Actually, in this case, the infinite boost is required with respect to the
freely falling observer from a finite distance. So the divergent effect is from moving at the
speed of light relative to any infalling frame that comes from any positive distance outside
the horizon. Thus the divergence is easily explained as a blueshift effect from moving at the
speed of light through radiation.
5 conclusions
We showed that the Kruskal coordinates could not be local inertial coordinates on the
future horizon by invoking nonvanishing affine connections. So we investigated the energy
density observed by the freely falling observer in the Unruh state by means of the proper
definition of the energy density. The energy density observed at the future horizon by the
freely falling observer from rest is finite unless the observer is dropped at the horizon. For
the extreme case of the observer dropped at the horizon, the energy density is divergent,
which is due to the infinite blue shift of the energy density. The closer the initial infalling
position approaches the horizon, the more negative energy density appears. Our calculations
show that the energy density observed by the freely falling observer at the future horizon
is sensitive to both the vacuum state of black hole and the initial infalling position of the
freely falling observer. In Ref. [21], the author concluded that the energy density in the
fixed coordinate at the horizon is finite without specifying the geodesic solution and initial
free-fall position. And in Ref. [34] the correct definition of the energy density was used;
however, the geodesic curve does not satisfy the geodesic equation of motion. Therefore,
the correct geodesic trajectory and the definition of the free-fall energy density were used
in this work compared to the well-known literatures.
The final comment is in order. It is expected to observe some amount of the energy
density near the horizon, which amounts to the curvature scale of ∼ 1/M2. Thus the energy
density in the freely falling frame can be written as the improved form by the red shift factor
as ǫ ∼ 1/[M(rs− 2M)] from Eq. (18). If the observer were dropped at a finite distance but
close to the horizon, for example, |rs − 2M | ≪ 1/M , the energy density observed by the
freely falling observer would be a huge amount of energy density in this region. The energy
density even in the large black hole can distort the local flatness in the local inertial frame
due to the contribution of the blue shift to the energy density compared to the scale of the
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black hole. This deserves further attention whether the equivalence principle is still valid
or not in this special region.
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